CONTACT SINGULARITIES 
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Abstract. A contact singularity is a normal singularity ( V, 0) together with a 
holomorphic contact form 77 on V\ Sing Vina neighbourhood of 0, i.e. r/A(drj) r 
has no zero, where dim V = 2r + 1. The main result of this paper is that there 
are no isolated contact singularities. 

1. Introduction 

Let (V,0) be a normal complex singularity of dimension n := 2r + 1. In anal- 
ogy with the notion of symplectic singularities, which were studied by Beauville 



Beal, Bea2|, we call (V, 0) a contact singularity if there is a holomorphic 1-form on 
F\SingF in a neighbourhood of such that 77 A (dn) r has no zero on V\SingV^. 
The main result of this paper is that there are no isolated contact singularities, see 



3.5 



The key tool in proving this is a Hodge theoretic result for rational singularities 
which may be of independent interest. Let 7r : X — > V be a resolution of an 
isolated rational singularity (V, 0) such that the exceptional set E := 7r _1 (0) is 
an SNC (=simple normal crossing) divisor. It was shown by Steenbrink and van 



Straaten |SSt] that then every holomorphic p-form, say, 77 on V\{0} extends to a 



holomorphic form on the resolution X. In 2.1 we will show more strongly that 
for p > 1 even ?r* (77) |£7 = so that tt* (77) belongs to ft x (E)(-E), where U P X (E) 
denotes the sheaf of meromorphic p-forms with at most logarithmic poles along E 
which are holomorphic on X\E. This result should be viewed as a generalization of 
the fact that on a Fano manifold there are no non-zero holomorphic p- forms, p > 1, 
see Sect. 2. 

We add a few remarks about the contents of the various sections. Sect. 2 contains 
the aforementioned result about the extendability of differential forms on rational 
singularities. In Section 3 we study contact singul a rities. With the same arguments 



as in the case of symplectic singularities [Beal, Bca2] they are Gorenstein and 



rational if codimSingV > 3, see 3.1. We treat the case of complete intersections 
more closely and show then the main result described above. 

Sect. 4 contains a technical result on holomorphic forms for a special class of 
isolated singularities which is used in Sect. 5 to compute the number of moduli of 
an isolated symplectic singularity that is resolved after one blowing up. It turns 
out that in this case the number of moduli is a topological invariant given by /3% — 1, 
where is the second Betti number of the exceptional set of the blowing up. 

2. Differential forms on rational singularities 

To motivate the main result of this section, let us first consider the situation 
that (V, 0) C (C N ,0) is an isolated singularity of dimension n > 2 that is given 
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by homogeneous equations. Blowing up the point G V gives a resolution of 
singularities tt : X — > V with exceptional set, say, E, which is a projective manifold 
of dimension n — 1. If (V, 0) is rational and Gorenstein then by a result of Kempf 
|KKMS , Prop, on p. 50] a nowhere vanishing holomorphic n-form lo on V\{0} 



extends to a holomorphic n-form on X which shows that u>x — Ox{kE) for some 
k > 0. By adjunction 

w«S!^(£)SO x ((i + l)B) 



and so the sheaf uj e 1 is ample. Hence E is a Fano manifold. In particular E admits 
no global holomorphic p-forms, p > 1. If 77 is a holomorphic p-form on y\{0} then 



by the results of | SSt ] this form extends to a holomorphic p-form 7r*(n) on X. As 
E is Fano, this form vanishes when restricted to E and so 

(*) ,*(r,)er(i,n^(£>H)). 

Our aim is to generalize this observation to non-homogeneous singularities. We will 
use the following notations. 

Let (V, 0) be an arbitrary isolated singularity and consider as before a resolution 
of singularities it : X — ► V such that the exceptional set E := 7r _1 (0) is an SNC 
divisor. 

The main result of this section is the following theorem. 

Theorem 2.1. Assume that (V, 0) is a rational isolated singularity of dimension 
n>2 and let n be a holomorphic p-form on U :— V\{0}, where p > 0. Then 7r*(?y) 
extends to a holomorphic p-form in Q X (E)(—E). 

Thus, if 7r : Y — > V is any resolution of singularities and F := 7f _1 (0) then 
7r* (77) extends to a holomorphic form on Y such the restriction Tt*(i])\F vanishes 
as a section of ftp /Torsion. This follows easily by dominating Y by a resolution 
7r : X — > V for which E = 7r _1 (0) is a simple normal crossing divisor. 

Before proving the main theorem we remind the reader of some basic results 
concerning mixed Hodge structures of isolated singularities; for a general reference 



of the theory of mixed Hodge structures see | Elz | . 

Let V be a contractible Stein space and assume that S V is the only singular 
point of V. Let 7T : X — > V be as b efore a resolu tion of singularities such that E := 
7r~ 1 (0) is an SNC divisor. By | Stel , 1.9] (cf. also [Elz, Sect. 5]) the local cohomology 



group Hf Q y(V,C) carries a mixed Hodge structure. As V is contractible this local 
cohomology group is isomorphic to H P ^ 1 (U,C) for p ^ 1 whereas H} ~i(V,C) = 
H°(U, C)/C. Thus H P (U,C) also carries a mixed Hodge structure. We have the 
following facts. 



Theorem 2.2. (1) ( [fctelj Sect. 1]) The spaces H P (E,C) andHP(U,<C) carry nat- 
ural mixed Hodge structures, and the Hodge filtrations are given by 

(a) FPHP(E,C) = H°(E,n x /n p x (E)(-E)) 
and 

(b) F*H*(U,C) = H°(E,n x (E)/Sl x (E)(-E)) 
Moreover, the natural map 

(c) H p {E,C) = H p {X,C) -^H p {U,C) 
is a morphism of mixed Hodge structures. 
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(2) ([SSt, 1.3 and 1.4]) If n is a holomorphic p-form on U and if p < n — 2 then 
tt*(j]) extends to a holomorphic p-form on X. If moreover (U, 0) has a rational 
singularity then the same is true for p = n — 1 and p = n. 



Proof. (1) was stated in this form in [SSt, proof of 1.3]. We add a few remarks how 
to deduce it from Stel]. (a) and (c) are immediate consequences of [Stcl, 1.5 and 
1.12], whereas (b) is an easy consequence of the description of the Hodge filtration 
given in [ Stel , 1.9]. Note that the complex Ar i(V) constructed in [loc.cit., 1.8] 
does not compute the local cohomology H' Q ^(V,C) (as was claimed there) but 
_ff* _1 (J7, C) (the error comes from the isomorphism in the second paragraph of 1.8 
which is only valid f or k ^ 1). □ 
Thu s, if r\ is as in 2.1, then the form 7r* (77) extends to a holomorphic form on X 

byf 



2.1 



is a consequence of the following lemma. 



_ (2). Hence 

Lemma 2.3. Under the assumptions of\Z.\ we have that 



H°(X,W X )^H°(X,W X (E)(-E)). 

Proof. Consider the TU-filtration associated to the mixed Hodge structure on the 
cohomology H*(E,C). Using the standard description of the lU-filtration (see e.g. 
pkl 3.5]) it follows that 



Grf H p {E,C) =Im (^H P (E,C) — ► @# P (-E*, C)^ , 

where the sum is taken over all irreducible components Ei of E. This module carries 
a Hodge structure of weight p. In a first step we will show that 

(1) F p Gr™ H P {E,C) = 0, 

where F p Gr^ H P (E, C) is the p-th piece of the Hodge filtration. By Hodge sym- 
metry this piece is isomorphic to 

F° Grf H p (E,C) 



M 



F 1 Gr™ HP(E,C) 



Using the fact that a morphism of Hodge structures is strict (cf. [Elz, 1.3.7 (iii)]) 
the latter module is equal to the image of Grjf H p (E, C) under the map [3 in the 
diagram 



H p (X, 



H p (E,( 



a— can 



(3— can 



H p (X,Ox) —> H p (E,0 E ) — ^H p (E l: Et ). 

Here the vertical arrows are the canonical maps induced by the inclusion of the 
sheaves of locally constant functions into holomorphic functions. As (V, 0) has ra- 
tional singularities the group H P (X, Ox) vanishes. Thus the map a in the diagram 
is the zero map and so the image of Gr^ H P (E, C) under j3 vanishes. Accordingly 
M and then F p Gr^ H P (E, C) also vanish, proving (1). 

If F q := F q H p (E, C) is the Hodge filtration and W l := WiH p (E, C) is the weight 
filtration on H P (E, C) then 

(2) F p n Wp-i = 0. 
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In fact, the Hodge filtration on each quotient Wi/Wi-i is induced by the filtration 
F q n W,-. As Wi/Wi-i carries a pure Hodge structure of weight i it follows that 
FPHWi C FPr\Wi-i for aU i < p and so FTWp-i C FPtfWp-2 C • • • C F p nW = 
vanishes. 

From (1) and (2) it follows that 

F P H P {E, C) £ F p Grjf C) = 0. 

By |J (1) FPHP(E,C) = H (E,fl p x /fl p x (E}(~E)) and so the latter module van- 
ishes as well, proving our result. □ 



Remark 2.4. We note that 2.1 is no longer true for non-isolated singularities as 
is already seen from the case of a product V x C 



Theorem 2.1 has the following interesting consequence which will be used later. 

Proposition 2.5. If (V, 0) is a rational isolated singularity of dimension n > 2 
then any closed holomorphic p-form rj on V\{0} with 1 < p < 2 is exact, i.e. after 
shrinking V as a neighbourhood of we can find a (p — I) -form £ on V\{0} with 

In order to prove this result we need a few preparations. For an arbitrary complex 
space X let Hp R (X) denote the p-th "naive" de Rham cohomology group of X 

H P DR (X) := HP(T(X,n x/c )). 

If X is smooth then H P (X, C) is the p-th hypercohomology of the de Rham complex 
£l' x / c and so there is always a natural map 

a p : H* DR (X) - HP(X, Q' x/C ) S H*(X, C). 

Using the the spectral sequence E pq = Hi(X,n p x ) H p+ i(X,C) h follows that 
the map ao is always bijective and that a\ is injective; note that the spectral 
sequence induces an exact sequence of small order terms 

- Hh R (X) - H\X,C) - H\X, O x ) -» ff|, fl (X). 

We need the following simple observation. 

Lemma 2.6. Assume that X is smooth. If H 1 (X,Ox) = then the natural map 
h dr( x ) -> H 1 (X,C) is bijective and H% R (X) -v i? 2 (X,C) is injective. 

Proof. The first part follows immediately from the sequence of small order terms 
above. The second part is easily seen again from the spectral sequence; we leave 
the simp le d etails to the reader. □ 
Proof of 2.5. We may assume that V is a contractible Stein space with as its 
only singular point. As before let tt : X — > V be a resolution of singularities with 
exceptional set E := 7r^ 1 (0). Suppose that r] is a p-form on U := V\{0}, where 
p = 1 or p — 2. By 2.1 the form tt* (r/) extends to a holomorphic differential form 
on X that lies in T(X, £l p x (E)(—E)). As r\ is closed we can consider its associated 
cohomology class [tt* (77)] G H P DR (X). Its image in H P (X, C) ^ H P {E, C) is already 
contained in F P (HP(E,C)) C H p (E,C)- Under the isomorphism 

FP(HP(E,C)) £ H°(E,i}P x {E)/nP x (E)(-E)) 

(see (1)) it is represented by the residue class of 7r*(^) in tiF x {E) /Sl p x {E)(-E) 
and so it is zero. Using 2.6 it follows that the cohomology class of [7r* (77)] in 
Hj) R (X,C) vanishes. Thus we can find a form £ G T(X, il p x ) with = 77, as 
required. □ 
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3. Contact singularities 

Recall that a contact form on a complex manifold X of dimension 2r + 1 is a 
holomorphic 1-form rj on X such that 

rj A (drj) r 

has no zero. By Darboux's lemma, in suitable coordinates (z, X\,... ,x% r ) such a 
form can be written as 

r 

r\ = dz + ^2 x 2g-\dxi e . 

0=1 

By a contact singularity we mean a normal singularity (V, 0) together with a 1- 
form rj s (f^y)o V which is a contact form on the regular part of V. Note that the 
dimension of Vis necessarily odd so that we can write 

dimU = 2r + 1 > 3. 



In analogy with the case of symplectic singularities |Bea2| we have the following 
facts. 

Lemma 3.1. If (V, 0) is a contact singularity then the following hold. 

(a) (U, 0) is quasi- Gorenstein, i.e. luv,q = Oy,o- 

(b ) If codim Sing V > 3 then (V, 0) is rational. 

In particular it follows that a contact singularity with codim Sing V > 3 is always 
Gorenstein. 

Proof. As toy is generated on V veg by the form 77 A (d(r/)) r , the singularity is quasi- 
Gorenstein. If codim Sing V > 3 and it : X — > V is a resolution of singularities, then 



by |Fle2| the form 7r* (77) extends to a holomorphic 1-form on X and so n*(r)A(d(r))) r ) 



extends to a holomorphic form in lux- Using [Flel, 1.3] it follows that (V,0) is 



rational. □ 



Using 2.5 we can show that the product of a symplectic singularity with an affinc 
line has the structure of a contact singularity. Recal l that a normal singularity (V, 0) 
of dimension 2r is said to be symplectic (see Bea2 , 1.1]) if there is a closed 2-form 
rj on U := RegU such that (dr}) 2r has no zero on U near and such that for a 
resolution of singularities 7r : X — > V the form 7r* (77) extends to a holomorphic 
2-form on X. Note that by loc.cit. such a singularity is always rational. 

Proposition 3.2. Let (V, 0) be an isolated symplectic singularity of dimension 
2r > 2. Then (V x C, 0) is a contact singularity. 

Proof. Let r\ be a symplectic form on U\{0} so that 77 is a closed non-degenerate 



holomorphic 2-form. By 2.5 we can find a holomorphic 1 form £ on U\{0} with 



d(£) — 77. With z the local coordinate function on C, the form 

u := dz + £ 

on (V\{0}) x C then satisfies to A (do;) 7, = dz hrf and so it is non-degenerate 
everywhere. Thus to is a contact form on the singularity (V x C, 0), as required. □ 

Proposition 3.3. A complete intersection (V,0) with codim Sing V > 3 can never 
carry a contact structure. 
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Proof. In the case of a complete intersection singularity there is an exact sequence 

o -» o v -» -> n^r -» 0, 

where 6 is the embedding dimension of (V, 0) and a is the number of defining 
equations. As Oy,o is Cohen-Macaulay and codim Sing X > 3 it follows easily from 



the Auslander-Buchsbaum theorem (see e.g. [ Eis | ) that £ly Q is a reflexive module 



Hence w is a section in £l vo and so u> A (d(uj)) r is a section in 

Im(fiy )0 ->• wv,o). 

In particular the cokernel of f2y — » ujy.o is and so we can find /i , . . . , /W+i in the 
maximal ideal of Oy,a such that the form df\ A . . . Adf 2 r +i generates tuv,o- Choosing 
these elements generically we can achieve that the map / := (/i,... , /2r+i) : 
(V, 0) — > (C 2r+1 , 0) is finite. By construction this map is unramified in codimension 



1. Using the theorem on purity of the branch locus (see, e.g. |FOV, 3.2.14]) it 



follows that / is unramified everywhere and so / is an isomorphism. □ 

Remark 3.4. The same argument shows that £l vo cannot be reflexive if (V,0) is 
not smooth and carries a contact structure. 



An interesting application -and actually motivation- of our main theorem 2.1 
the following result. 



is 



Theorem 3.5. A non-smooth isolated singularity can never carry a contact struc- 
ture. 

Proof. Assume that (V, 0) is an isolated singularity that carries a contact structure 
which is given by the 1-form r\ in (f2y) vv . By definition, (V, 0) is then normal of 
dimension > 3. The form 5 := [drff on U := U\{0} can be considered as a vector 
field on U via the canonical isomorphism 



note that u>u = Ojj by 3.1. Such a vector field gives rise to a derivation 8 : A — » A, 
where A := Ov,o- As the singularity is isolated S maps the maximal ideal of A into 
itself. Using equivariant resolution of singularities (see e.g., BMj ]) we can find a 
resolution ir : X — > V such that 

(a) E := 7r _1 (0) is a simple normal crossing divisor in X and 

(b) 8 extends to a vector field on X that is tangent to E. 



Using 3.1 the singularity is Gorenstein and rational. By 2.1 the form 7r* (77) extends 
to a holomorphic form in Vl l x (E)(—E). As by construction 8 can be considered as 
a section in Qx (E) it follows that the contraction 

(8,n*( V )) 

is a section in Ox(—E). Hence on V the contraction (<5, 77} must lie in the maximal 
ideal of A and so its zero set has codimension 1 in V. Under the isomorphism 
Oy = uoy the element (6, rj) corresponds to rj A (dn) r . Thus 77 A (dn) r has a zero set 
of codimension 1 as well, which gives a contradiction. □ 
We do not know whether there are contact singularities with a singularity set of 
even dimension. We even do not know any example of a contact singularity which 
is not a product C x V, where V is a symplectic singularity. 



CONTACT SINGULARITIES 



7 



4. Extensions of vector fields 

4.1. In this section we consider a non-smooth normal isolated singularity (V,0). 
Let 7T : X — > V be the blowing up of G V. We will always assume that X and the 
exceptional set E :— 7r~ 1 (0) are smooth. 

For the use in the next section we need the following result. 
Proposition 4.2. The natural inclusion 

H°(X, (A p Q x (E))((p - 1)E)) - H°(X, (A P Q x (E))(kE)) 
is an isomorphism for all k > p — 1. 

For the proof we need the following simple observation. 



Lemma 4.3. With (V,0) as in 4-1 and A := Oy.o the following hold. 

1. Every homomorphism f : £l p A — > A factors through the maximal ideal v&a of 

A. 

2. The image of the natural map Tt*(Qy) — > fl x is just Q x (E)(—pE) . In 
particular 

■k*{£L p v ) /Torsion = n p x {E)(-pE). 

Proof. First consider the case p = 1 in (1). A homomorphism / : fl\ — > A corre- 
sponds to a derivation 6 : A — > A, and it is well known that such a derivation maps A 
into vci a- To deduce (1) for p > 1 assume that there is a surjective map / : fl p A — > A. 

For a sufficiently general form 77 G the composed map ^a — ^ ^a — * ^ ^ *^ 

well surjective which contradicts the first part of the proof. 

To deduce (2) it is sufficient to treat the case p = 1; the general case then 
follows by taking exterior powers. In the case that V = C" this is easily verified 
by an explicit computation which we leave to the reader. In the general case let 
(V, 0) (C™, 0) be an embedding. The blowing up X of V in then embeds into 
the blowing up, say, Y of C" in 0, and E is the intersection of the exceptional set, 
say F, of Y with X. Hence the assertion follows from the commutative diagram 
with surjective vertical arrows 



t*(«v) — n x (E)(-E). 

□ 



Proof of A section 5 in H°(X,A p (Q x (E))(kE)) gives rise to a map 

6:Q p x (E)(-pE)^O x ((k-p)E). 

Composing tt*(5) with the natural map fly — > ir*(fl x (E)(—pE)) we get a map 
fty — v Oy, which by |4.3| (I) factors through the maximal ideal xvia at 0. As by [II] 
(2) 7r*(J7y) — » il p x (E)(—pE) is surjective the image of 5 is contained in the ideal 
sheaf O x {-E) = m A O v of £ in X . Hence (5 is in H°(X, (A p Q x (E))({p - 1)E)), 
as required. □ 



8 



FREDERIC CAMPANA AND HUBERT FLENNER 



5. Deformations of symplectic singularities 

In this section let (V, 0) be an isolated symplectic singularity with dim V > 4. 
We will always assume that the tangent cone CqV has an isolated singularity The 
blowing up 7r : X — > V of V in then is smooth with exceptional set 7r _1 (0) which 
is isomorphic to the projective tangent cone E := P(CqV). Such singularities were 



completely classified by [ Bea2 . We wish to supplement his result with the following 
observation. 

Proposition 5.1. The dimension of the space of infinitesimal deformations Ty 
is given by b^{E) — 1. 



Using the classification in [ Bca2 it follows that (V, 0) is rigid except when V is 



the set of n x n-matrices of rank < 1 and of trace 0. 



The proof of this result will follow from p.3|, 5.5 below 



Recall that a symplectic singularity of dimension > 4 is always rational and 



Gorenstein |Bea2|. We need the following important facts shown essentially in 
loc.cit. 

Proposition 5.2. Let (V, 0) be an isolated non-smooth symplectic singularity of 
dimension 2r with symplectic form r\ 6 (f2y ) vv . // the blowing up n : X — > V of 
G V is smooth then the following hold. 

1. uj x = O x ((r - l)E) and uj e = E (rE). 

2. Multiplying with rf gives an isomorphism of vector bundles 
(*) V r - 1 :Sl 1 x (E)(-E)^Q x (E) 

3. E is a rational homogeneous manifold. 

4. £ := Res 77 £ H°(E 7 Q E (—E)) defines a contact structure on E. 

5. (V, 0) is homogeneous, i.e. there is a locally closed embedding of V ^ C N 
such that the ideal of V is given by homogeneous polynomials. 

Proof. For the convenience of the reader we include simplified arguments for some 
of these facts. The second part of (1) follows from the adjunction formula. As the 
form rf generates u) X outside of E, we have lox — Ox(kE) for some k > 0. By 



2.1 the form n extends to a section in Vt x {E)(—E) whence rf yields a section in 
U%(E)(-rE) ^ Lo x (-(r - l)E). This shows that fc > r - 1. 



To show the converse inequality let us first derive (2). As by 4.3 (2) Q X (E)(— E) 



is globally generated the map (*) factors through Q(E) by 4.2 (applied to the case 
p = 1). Hence we obtain a map as in (*) which is an isomorphism outside E. 
Taking the determinant of this map gives an inclusion 

O x ({k + l)E- 2rE) = detCl x {E)(-E) ^ Ox(E) = O x (-{k + l)E) 

and so k + 1 — 2r < — (k + 1), i.e. k + 1 < r. Together with the inequality k > r — 1 
this proves (1). Moreover (2) follows as t he determinant of (*) is an isomorphism. 



To deduce (3) note that by (2) and 4^ 0^; being a quotient of Q X (E) is globally 



generated and so E is a rational homogeneous manifold. (4) is a consequence of 
the equation Res?7 r = d(£) A^ r_1 in rE) which is easily verified by a local 

computation using (1). For the proof of (5) we refer the reader to [ Bea2| . □ 



Proposition 5.3. Let (V, 0) be an isolated symplectic singularity of dimension n = 
2r > 4 and let ir : X — > V be a resolution of singularities such that E := 7r _1 (0) is 
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a simple normal crossing divisor. Then there is an isomorphism 

T Vfi ^H\X,n x {E)). 

Proof. We may assume that V is a Stein space and that U := 1^\{0} is non-singular. 
We will show that 

(a) T^ -i/ 1 ([/,e c/ ),and 

(b) H^Gu) Si H^X^iE)). 

To prove (a) we may assume that there is a closed embedding V C W, where W is 
a Stein neighbourhood of in C^. The sheaf fi}«-|V — Cy is free and so 

(1) Ext v (n 1 w \V,O v ) = 0. 



As (V,0) is symplectic, Oy,o is rational and Gorcnstein (see |Bea2, 1.3]). In partic 



ular, depth (CV,o) = dimV > 3 and so by [ Bchc 

(2) H 1 (U,Q w \V)^H 2 {0} (V,O v T )=0. 

There is a natural exact sequence 

-> l/I 2 -> fl^V ->■ Q v -» 0. 
Taking the associated cohomology sequences with respect to the functors 

Homy(— ,Oy) and Hom£/(— , Ojj) 
and using (1) and (2) we get a commutative diagram 

YLom{Sl\y\V,O v ) — ► Hom(X/I 2 ,O v ) — Ext^^CV) ► 



H°{U,Q l w \V) ► H°(U,(l/l 2 y) ► H\U,Gu) ► , 

where we have used the fact that for locally free modules M. on U there are iso- 
morphisms H l (U, M y ) = Ext l u (A4, Ou) for all i. Thus the map /3 in the diagram 
above is an isomorphism. As T v is isomorphic to Exty (fly, Oy), (a) follows. 

To deduce (b) note first that the symplectic structure provides an isomorphism 
Ou — ft}/ and so 

(3) H\u,Qu)*H\u,n}j) 

Moreover, by the vanishing theorem for isolated singularities of Steenbrink | Ste2| 

(4) H q (X, n p x (E) (-E)) = forp + q>n. 
By duality this is equivalent to 

(4)' H%(X,W x (E)) = for p + q<n, 

where H^(...) denotes cohomology with support in E. As U = X\E there is an 
exact sequence 

He(X, fl x {E)) -> H\X,n x (E)) -> H^U,^) - H%(X,Q X {E)) , 

in which the outer terms vanish because of (2)'. Together with (1) this proves 
(b). □ 

Remark 5.4. The proof shows more generally that for any isolated singularity of 
dimension > 4 there is always an isomorphism fiy-) = i/ 1 (A, Cl x (E)). 

Now the remaining argument for the proof of |5.l| is provided by the following 
lemma. 
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Lemma 5.5. Let (V, 0) be as in \5.\ and let it : X — > V be the blowing up of V in 
0. Then d\m c H 1 {X,Q. x {E)) = b 2 (E) - 1. 

Proof. As the singularity is homogeneous, Oe(1) — Ox{— E)\E and X is just 
the projective analytic space, say Projan(§(0£(l))), associated to the symmet- 
ric algebra S(Ob(1)) = © g >o^(?)- Moreover an easy local computation shows 
that VL X (E) is the coherent O^-module associated to the graded §(0£(l))-module 
® q>0 tt x (E)(-qE)\E). This implies that 

H*(X, n x (E}) £ H*(E, n x (E)(-qE)\E). 

q>0 

It suffices to show that 

(a) H p (E,Cl x (E)(-qE)\E) = for p > and q > 0. 

(b) dime H\E,n x {E)\E) = b^E) - 1. 

To deduce (a) note first that by |5.6| below the groups H P (E : &E(—qE)) vanish if 
p > and q > 0. Using the exact sequence 

— > E (-qE) — > & x {E)(-qE)\E — ► e B (-g£7) — ► 



it follows that H P (E, & x (E}(-qE)\E) also vanishes if p > and <? > 0. By (2) 
this gives 

H p (E,n x (E)(-(q+ 1)E)\E) = H p {E,Q x {E)(~qE)\E) = 

for p > and g > 0, proving (a). To deduce (b), let us consider the exact sequence 
— > fig — > f2^-(-B)|-E — > Ob — > and its cohomology sequence 

C = O b ) ff 1 ^, fl^) - H 1 ^, Q x (E)\E) -» ff 1 ^, B ) = 0. 

The map 9 is multiplication with the Chern class of Oe{E) and so is injective. 
This immediately gives (b). □ 
In the proof above we have used the following well known fact for which we could 
not find a reference. 

Lemma 5.6. Let X = G/P be a rational homogeneous manifold, where G is a 
semisimple linear algebraic group and P is a parabolic subgroup of G. If C is an 
ample line bundle on X then H P (X, &x ®o x £® 9 ) = for all p > 1 and q > 0. 



Proof. This follows with the same arguments as in [Akh, 4.8 Theorem 1] as the 
highest weight of an ample line bundle on X is known to be positive. □ 

Remark 5.7. After completing this paper we were informed t hat Le mma |2.3| was 
independently shown in a recent preprint by Y. Namikawa (cf. |Nam , 1.2]). 

References 

[Akh] Akhiezer, D.N.: Lie group actions in complex analysis. Aspects of Mathematics, Vieweg 

Verlag Braunschweig/Wiesbaden 1995 
[Beal] Beauville, A.: Fano contact manifolds and nilpotent orbits. Comment. Math. Helv. 73, 

566-583 (1999) 

[Bea2] Beauville, A.: Symplectic singularities. Inv. Math. 139, 541-549 (2000) 

[BMi] Bierstone, E.; Milman, P.D.: Canonical desingularization in characteristic zero by blowing 

up the maximum strata of a local invariant. Invent. Math. 128, 207—302 (1997) 
[Eis] Eisenbud, D.: Commutative algebra. With a view toward algebraic geometry. Graduate 

Texts in Mathematics 150, Springer- Verlag, New York 1995 
[Elz] El Zein, F: Introduction a la theorie de Hodge mixte. Actualites Mathematiques, Hermann, 

Paris, 1991 



CONTACT SINGULARITIES 



11 



[Flcl] Flcnner, H.: Rationale quasihomogene Singularitdten. Archiv d. Math. 36, 35-44 (1981) 
[Flc2] Flcnner, H.: Extendability of differential forms on nonisolated singularities. Inv. Math. 
94, 317-326 (1988) 

[FOV] Flenner, H.; O'Carroll, L.; Vogel, W: Joins and intersections. Monographs in Math., 

Springer Vcrlag, Berlin-Hcidclbcrg-New York, 1999 
[Gro] Grothcndieck, A. Local cohomology. Notes by R. Hartshorne. Lecture Notes in Mathematics 

41, Springer- Verlag, Berlin-Heidelberg-New York, 1967 
[KKMS] Kempf, G.; Knudsen, F.; Mumford, D.; Saint-Donat, B.: Toroidal embeddings. Lecture 

Notes in Mathematics 339, Springer- Verlag, Berlin-Hcidclbcrg-New York, 1973. 
[Nam] Namikawa, Y.: Deformation theory of singular symplectic n-folds. Preprint math. AG 

0010113 

[Sche] Schcja, G.: Riemannsche Hebbarkeitssdtze fur Cohomologieklassen. Math. Ann. 144, 345- 
360 (1961) 

[Stel] Steenbrink, J.H.M.: Mixed Hodge structures associated with isolated singularities. Proc. 

Symposia Pure Math, vol 40 Part 2, 513-536 (1983) 
[Ste2] Steenbrink, J.H.M.: Vanishing theorems on singular spaces. In: Proc. Luminy Conference 

on Differential Systems Singularities, Asterisquc 130, 330—341 (1985) 
[SSt] Steenbrink, J.H.M.; Straaten, D. van: Extendability of holomorphic differential forms near 

isolated hypersurface singularities. Abh. Math. Sem. Univ. Hamburg 55, 97-110 (1985) 

Frederic Campana: Departement de Mathematiques, Universite Nancy 1, BP 239, 
54506 Vandoeuvre-les-Nancy Cedex, France 
E-mail address: campanaaiecn.u-nancy.fr 

Hubert Flenner: Fakultat fur Mathematik der Ruhr-Universitat, Universitatsstr. 
150, Geb. NA 2/72, 44780 Bochum, Germany 

E-mail address: Hubert.Flenner@ruhr-uni-bochum.de 



